A parallel fiber-reinforced periodic elastic composite is considered with transversely iso-tropic constituents. Fibers with circular cross section are distributed with the same periodicity along the two perpendicular directions to the fiber orientation, i.e., the periodic cell of the composite is square. The composite exhibits imperfect contact, in particular, spring type at the interface between the fiber and matrix is modeled. Effective properties of this composite for in-plane and anti-plane local problems are calculated by means of a semi-analytic method, i.e. the differential equations that described the local problems obtained by asymptotic homogenization method are solved using the finite element method. Numerical computations are implemented and comparisons with exact solutions are presented.
Introduction
In most composites, the fiber-matrix adhesion is imperfect, i.e., the continuity conditions for stresses and displacements are not satisfied. Thus, various approaches have been used, where the bond between the reinforcement and the matrix is modeled by an interphase with specified thickness (Hashin, 2002; Guinovart-Diaz et al., 2005) . Other assumptions suppose that the contrast or jump of the displacements in the interface is proportional to the corresponding component of the traction in the interface in terms of a parameter given by the spring constant (imperfect parameters). This type of imperfect contact (spring type) in the interphases of the composites was investigated by Jasiuk and Tong (1989) , Hashin (1990) , Achenbach and Zhu (1990) , Hashin (1991a,b) and Lopez-Realpozo et al. (2011) . Hashin has derived the connection between the parameters of sprint type interface and the properties of an isotropic interphase modeled by it (Hashin, 1990 (Hashin, , 1991a . Benveniste and Miloh has considered a thin curved isotropic layer of constant thickness between two elastic isotropic media in a two-dimensional plane strain problem. They show seven different conditions of contact interface: vacuous contact type interface; spring type interface; ideal contact interface; membrane type interface; inextensible membrane type interface; inextensible shell type interface and rigid contact type interface; rigid contact type interface (see, Benveniste and Miloh, 2001) .
The novelty of this contribution is based on overcoming the challenge of simulating mechanical behavior of composites with spring imperfect adherence between the matrix and the reinforcements, i.e. the discontinuity of displacements is linearly proportional to the traction vector. It is assumed that the imperfect parameters are inversely proportional to the radius of the fibers. The model presented include as limit cases: vacuous contact type interface and ideal contact interface. In this sense, the formulation of the local problems for two phase linear elastic composites with spring imperfect contact conditions is given and the solution of each local problems is found using the semi-analytic method where the differential equations derived from the local problems by asymptotic homogenization method (AHM) are solved using the finite element method with quadrilateral of eight nodes, implemented via Fortran code. Besides, the expressions for the effective elastic coefficients of a fiber reinforced composite with circular cylindrical shape periodically distributed in the matrix under linear spring imperfect contact conditions are obtained via AHM.
Statement of the problem for heterogeneous media
Consider an heterogeneous media occupying a volume X 2 R 3 with boundary @X ¼ @ 1 X [ @ 2 X and consisting of two-phase uniaxial reinforced material, where fibers and matrix have transversely isotropic elastic properties; the axis of transverse symmetry coincides with the fiber direction, which is taken as the Ox 3 axis. The fibers with circular cross section are periodically distributed along the Ox 1 and Ox 2 axis directions (see, Fig. 1 ). The governing equations for the static elasticity heterogeneous problems are @r ij @x j ¼ 0; in X; ð2:1Þ u i ¼ 0; on @ 1 X; r ij n j ¼ 0; on @ 2 X; ð2:2Þ where i; j ¼ 1; 2; 3 and r ij ; u i ; n j are the stress tensor components, the displacement vector components and normal unit vector components on @ 2 X, respectively. The constitutive equations and the strain tensor components e kl are given by r ij ¼ C ijkl ðyÞe kl ; ð2:3Þ e kl ¼ 1 2
ð2:4Þ
Here the elastic coefficients C ijkl ðyÞ ði; j; k; l ¼ 1; 2; 3Þ are Y-periodic functions and y ¼ x=a is called the local variable that are defined on the unit cell. a is a small parameter, which expresses the ratio between the periodic cell length and the characteristic length of the composite. The periodic unit cell S is taken as a regular square in the y 1 y 2 -plane so that S ¼ S 1 [ S 2 with S 1 \ S 2 ¼ ;, where the domain S 2 is occupied by the matrix and its complement S 1 (fiber) is considered by a circle of radius R and center at the origin O (Fig. 1) . The common interface between the fiber and the matrix is denoted by C. The fiber and matrix associated quantities are also referred below by means of super-indices in brackets (1) and (2), respectively. The usually adopted ideal contact conditions consists in demanding the continuity of displacements and traction across the interface between the two solids. Considerer that the composite exhibits imperfect contact at the interface between the fiber and matrix, that is, the discontinuity of displacements is linearly proportional to the traction vector. This is called a ''spring type'' interface (Hashin, 1990) . Using the vector notation, the elastic imperfect condition can be expressed as where u n ; u t and u a are normal, tangential and axial components of displacement vector u, respectively; T n ; T t and T a are normal, tangential and axial components of traction vector T (T i ¼ r ij n j ), respectively; n is the outward unit normal vector on C; K n , K t and K a are normal, tangential and axial sprint constant material parameters (imperfect parameters), which have the physical dimension [pascal/meter] . It is assumed that the imperfect param-
1313 =R. Here j n ; j t and j a are normal, tangential and axial dimensionless imperfect parameters, respectively. The normal and tangential components of the displacement and traction vectors found in the x 1 x 2 -plane, while the axial component of the displacement and traction vectors coincides with the fiber direction (Ox 3 -axis). Perfect contact is revealed when the spring imperfect parameters approaches to infinity, while the debonding contact takes place as these imperfect parameters approach to zero.
Asymptotic homogenization method. Homogeneous problem, local problems and effective coefficients
The overall properties of the above periodic medium are sought using the well-known asymptotic homogenization method (Bakhvalov and Panasenko, 1989; Sanchez-Palencia, 1980; Pobedrya, 1984) . Now it is assumed that the elastic displacement vector components are given by the following expansion u i ¼ u The main problem to obtain effective coefficients is to find the periodic solutions of six pq L local problems on S in terms of the local variable y, where p; q ¼ 1; 2; 3. Each local problem decouples into independent sets of equations, i.e. plane-strain and antiplane-strain systems. In the following Table 1 , the correspondence between the effective properties and the local problems is shown. The local problems for circular fibrous elastic composite with perfect contact at the interface and periodic conditions over the unit cell are analytically solved in Rodriguez-Ramos et al. (2001) . However, analytic solutions for the local problems of composites with other type of reinforcement geometric shape are difficult to find (for instance, square fibers). In this case, suitable numerical methods are the necessary tools to be applied. This numerical procedure is simplified when some symmetry elements occur in the geometry of the unit cell and/or in the constituent properties, because a local problem for the entire unit cell may be reduced to boundary value problem for only a part of the cell.
In our problem, the elastic coefficients C ijkl ðyÞ C ijkl ðy 1 ; y 2 Þ are even functions with respect to y 1 and y 2 , then satisfy the following conditions (see, Bakhvalov and Panasenko, 1989) pq N i j y h ¼0;1=2 ¼ 0; for
ð3:25Þ
where h ¼ 1; 2; i; p; q ¼ 1; 2; 3 and
Using the condition (3.24) and (3.25) the pq L local problems over the periodic unit cell can be transformed to boundary value problems over 1=4 unit cell. Passing now the pq L local problems to the new variable pq M k as follows Here we have denoted Table 1 Effective properties related to the local problems. Finally, the pq L local problems can be written in the following form using the abbreviate notation for the elastic coefficients C ijkl .
The antiplane problem k3 L
The local antiplane problem over 1/4 of the cell is expressed by
Greek, upper and lower, indices runs from 1 to 2. The imperfect contact conditions for the k3 L local problems are written in the following form
on C;
ð3:35Þ
is the component of traction force in the y 3 -direction
is the component in the y 3 -direction of displacement vector.
The boundary conditions are given as,
where k ¼ 1 and b ¼ 2 for the 13 L local problem, whilst k ¼ 2 and
The effective coefficients can be calculated using the following expressions (see, Eq. (3.31))
Again for the sake of clarity, in this section let
Þ and the bb pre-subscripts are 11, 22, then the statement of the problems is
ð3:45Þ
The imperfect contact conditions for the bb L local problems are written in the following form
The boundary conditions associated to this problem are given as,
where a 1 ¼ 1 and a 2 ¼ 0 for the 11 L local problem whereas a 1 ¼ 0 and a 2 ¼ 1 for the 22 L local problem. Notice that the 33 L local problem has not been mentioned since, as it was previously stated, it can be connected with the 11 L and 22 L problems by the formula (3.2), (Rodriguez-Ramos et al., 2001) . The formulae for computing the effective coefficients are listed as follows (see, Eq. (3.31) and Rodriguez-Ramos et al., 2001 ) 
where a 3 and a 4 are constants which satisfy the relation a 3 þ a 4 ¼ 1.
The effective coefficient can be calculated using the following expression (see, Eq. (3.31))
4. Implementation of finite element method for the local problems Sometimes, the systems of equations that described the aforementioned local problems can not be solved analytically. Therefore, exact solutions only can be found for certain geometry of the fibers, for instance, circular fibers. For some other cases, it is very difficult to obtain exact solutions. One alternative method for solving the local problems is an approximate method, such as the formulation of the potential energy which require less conditions for the unknown functions. This is one of the reasons for using the principle of minimum potential energy combined with the finite element method in the present work. The potential energy of an elastic solid body is
This expression involves the following energies: the strain energy per unit volume in the body, the potential energy associated to body force ðf Þ, traction force ðTÞ and point load force ðP i Þ respectively. In this work, f ¼ P i ¼ 0 and for sake of brevity only the finite element implementation of the antiplane local problem 13 L and the plane local problem 11 L will be shown. The remaining local problems are implemented in a similar form. 
The two-dimensional region is divided into a finite number of quadrilateral elements (see, Fig. 2 ). The element consists of eight nodes, all of which are located on the element boundary. The displacements inside the element are now written using the shape function and the nodal values of the unknown displacement field. Therefore, we have 
;
ð4:7Þ
The strain-displacement relation (4.4) in natural coordinates can be written in the form Fig. 2 . Geometric mesh for 1/4 periodic cell. Considering the contribution of all the elements to strain potential energy we obtain
where K S ðQ Þ is the global stiffness matrix (global displacement vector).
Effective coefficient
The substitution of @ 13 M 3 =@y 1 , (4.6) and (4.8) into (3.40a) gives the contribution by the element (e) in the effective coefficient as in the ! phase (see, Fig. 3) , and taking the element thickness t e as constant over the element, we have
ð4:21Þ
Using the interpolation relations involving the shape functions 
ð4:24Þ
The imperfect contact condition given in Eq. (3.35) for the nodes 1; 2; 5 can be written Using (4.21) for ! ¼ 1; 2 and (4.26) then the total potential energy associated to traction force in matrix form is Considering all the contributions of the interface to traction potential energy, we have
where K T ðQ Þ is the global imperfect matrix (global interface displacement vector). The contribution to total potential energy is obtained adding strain potential energy and traction energy. Algebraic system of equations is obtained deriving the total potential energy with respect to the global displacement vector, equating them to zero and applying the boundary conditions. Using the solution of the algebraic system of equations the associated effective coefficient (4.19) for the antiplane problem 13 L is obtained. Similarly the antiplane problem 23 L can be solved.
The plane problem 11 L
In a similar way we deal with the 11 L local problem. The relations ((3.43)-(3.45)) for bb ¼ 11 can be written in matrix form as 11 r ¼ D 11 e; ð4:31Þ where 11 r ¼ 11 r 11 11 r 22 11 r 12
11 e ¼ 11 e 11 11 e 22 11 e 12 Considering the contribution of all the elements to strain potential energy we obtain
Effective coefficient
Now, replacing the derivatives @ 11 M 1 =@y 1 ; @ 11 M 2 =@y 2 which are involved in (4.35) and the relation (4.33) into the expressions C The effective coefficients taking into account the contribution of all elements can be given in the form in the ! phase are related to the shape functions by means of for each phase ! ¼ 1; 2. Now, we can write the total potential energy associated to the traction force by the following expression,
Using (4.43) for ! ¼ 1; 2 and (4.53) then the total potential energy associated to traction force in matrix form is w n w c w a w b dl; ð4:59Þ where y ij ¼ y ij =R; i; j; k; l; n; m ¼ 1; 2, and n; c; a; b ¼ 1; 2; 5. In the expression (4.55) we have considered the following relations cosðhÞ ¼ y 1 =R, sinðhÞ ¼ y 2 =R, y 1 ¼ w 1 y 11 þ w 5 y 15 þ w 2 y 12 and y 2 ¼ w 1 y 21 þ w 5 y 25 þ w 2 y 22 .
The contribution of the interface to traction potential energy is given by the expression
where K T ðQ Þ is the global imperfect matrix (global interface displacement vector).
The contribution to total potential energy is obtained by addition of the strain potential energy and traction energy. An algebraic system of equations is obtained deriving the total potential energy with respect to the global displacement vector Q , equating them to zero and applying the boundary conditions. Using the solution of the algebraic system of equations, the associated effective coefficient (4.42) to plane problem 11 L is obtained. Analogously, the plane problems 22 L; 12 L can be solved.
Numerical results
The following elastic constants have been used throughout in the numerical calculations: E ð2Þ ¼ 70 GPa (Young's modulus) and m ð2Þ ¼ 0:3 (Poisson's ratio) for the matrix, and E ð1Þ ¼ 450 GPa and m ð1Þ ¼ 0:17 for the fiber. Some limit cases are studied in order to validate our approach. For example, in Table 2 the set of all effective elastic coefficients are presented for different values of the fiber volume fraction c 1 . A comparison between the present model for j a ¼ j t ¼ j n ¼ 0 and the analytical expressions of the effective coefficients for empty fibers obtained by asymptotic homogenization approach (Sabina et al., 2002) is given. It can be noticed a very good Table 3 Normalized effective coefficients C ij for ja ¼ jt ¼ jn ¼ 1. Table 2 Effective coefficients C coincidence between the two approaches. The three imperfect parameters ðj a ; j t ; j n Þ involved in the semi-analytic method for analyzing the non-perfect adherence of the composite can be considered as an alternative computing form for describing the behavior of porous composite materials. Besides, all normalized effective elastic coefficients
12 ;
44 Þ for perfect contact between the matrix and fibers are calculated using the present model for j a ¼ j t ¼ j n ¼ 1 and Table 3 Table 4 shows the normalized effective coefficient 
11 with respect to the fiber volume fraction for different values of the tangential imperfect parameter j t ¼ 0; 1; 5; 10; 20; 50; 1 and some fixed normal imperfect parameters j n ¼ 10; 20; 50; 1. The behavior of this coefficient increases monotonically as j t increases in all the range of the fiber volume fraction. Notice that, for bigger values of the normal tangential parameter j n , this property in the composite gets stronger and, near to percolation limit, the property becomes more compact, i.e. the curves are less spaced (Fig. 4(d) ). The curvature of the curves for j n ¼ 10 are not as pronounced as for j n ¼ 1. On the other hand, the effective properties converge to the property for tangential perfect contact as the parameter. Meanwhile, the curves for j n ¼ 1 are increasing monotonic functions. Furthermore, the effective property gets softer as the tangential imperfect parameter j t increases and converges to the tangential perfect contact. Besides, the effective properties converge to the property for perfect contact as the imperfection parameter j t approaches to 1. Numerical results has shown that the imperfection parameters ðj t ; j n Þ have a significant effect on the coefficient C show the same trend for each value of the normal imperfect coefficient in the whole range of the tangential imperfect parameter. The overall coefficients C 
Conclusion
This work dealt with the determination of the effective moduli of a periodic elastic composite material reinforced by straight parallel circular fibres, made of transversely isotropic material with axial, tangential and normal imperfect contacts at the interface. The investigation was carried out by adopting the semi-analytical method which is based on the finite element method and asymptotic homogenization approach. The present result was validated by means of comparison with limit cases and analytical expressions using the asymptotic homogenization method where the maximum error is very low. The results of the present work indicates the influence of imperfect adhesion on the effective moduli of composites with periodic elastic fibrous reinforcements.
